1. Introduction. Let G be a locally compact group which we assume to be separable and unimodular. Let dx denote the Haar measure on G. If T is a unitary representation of G on a Hubert space § and /ELi(G), we write
T (f) ^ I f(%)7r(x)dx. J o
Then ir(J) is a bounded operator on & and
*(J* g)~ *&*(£) if, g Ç. LAG)),
where ƒ * g denotes the convolution of ƒ and g.
Let A be a bounded linear operator on ^p. We say that A is of the trace class if the series S I (*«, A*i) I i converges for every orthonormal base {^i}iej of §. Moreover if this is so, we define tr A = £ (fc, 4fc).
Then tr ^4 is actually independent of the choice of this base.
Let V T denote the set of all/G^i(G) such that ir(f) is of the trace class. Then V r is a linear subspace of Li(G). Put
0.(/) = tr *•(ƒ) (f£F T ).
Then ® T is a linear function on V T which we may call the character of 7T. Of course this concept would be useful only when the space V* is fairly large. Let 8(G) denote the set of all equivalence classes of irreducible unitary representations of G. It is easy to see that for any representation x, V T and ©^ depend only on the class co of 7r. Hence we may de-note them by V w and © w respectively. Put Fo= PI V".
cöeS(ö)
For any function /G£i(G) and xGG, define the function f x by f x (y) ^fix^yx).
It is clear that f x E: V 0 whenever ƒ G V 0 and therefore the group G operates on F 0 . Now, in order to describe the main problem of harmonic analysis, we have to fix a certain topological vector space V satisfying the following conditions: 1 (1) FCF 0 nC(G), where C(G) is the space of all complex-valued continuous functions on G.
(2) V is stable under G and every xE:G defines a continuous endomorphism of V.
(3) For any co£8(G), the restriction of ©*, on F is a continuous linear function on V, which determines oe uniquely.
For any /GF, define /(co) =;©"(ƒ) (coGS(G)). Then ƒ is a complexvalued function on 8(G), which may be regarded as the Fourier transform of ƒ. Let us agree to call a continuous linear function on F, a distribution. For any distribution T and xÇzG, define the distribution T x by T x (f) = T(f*~l) (fE F). We say that T is invariant if T x = T for all xEG.
The central question in harmonic analysis may now be formulated as follows. Given an invariant distribution T on G, how to express it as a Hinear combination" of the characters ©" (coGS(G))? In fact, to every such T, we would like to associate a "distribution" t on &(G) in such a way that T(f) = f(J) for all ƒ G F. (Here by a "distribution" on 8(G), we mean some sort of linear functional on a suitable space of functions on 8(G).) If 3 is the Dirac measure, so that §(ƒ) =/(l) (/G F), the determination of $ is just the problem of the explicit Plancherel formula for G.
For an arbitrary G, our understanding of &(G) is still very rudimentary (see [5] ) and therefore no serious attempt to attack the above problem can yet be contemplated. However the situation for real semisimple (or reductive) Lie groups seems rather encouraging [4(a), (d) ] and there is reason to hope that some substantial results on reductive p-adic groups may be attainable within a few years. Therefore I shall limit myself to these two cases in these lectures. The other extreme case, when G is a nilpotent or solvable Lie group, has been studied extensively by Dixmier, Kirillov, Moore, and Pukânszky (see [6] , [7] ). 1 We do not claim here that such a space V necessarily exists. Of course the crucial condition is (3).
Our entire approach to harmonic analysis on reductive groups is based on the philosophy of cusp forms (see [2] and [4(c), (d)] ) and the success of this method depends on a good knowledge of the discrete series (see §3) for such groups. In the case of real groups the characters of the discrete series are all known (see Theorem 8) and therefore the theory works reasonably well. But for p-adic groups our understanding of the supercuspidal representations ( §14) is still very poor. Nevertheless the resemblance between the two cases is so striking that one cannot give up the hope that the same philosophy would eventually work in both cases. for all coGS(G) and bE&(K).
Let C c°° (G) denote the space of all complex-valued C 00 functions on G with compact support, taken with its usual topology [9] . The following result is an easy consequence of Theorem 1. Then ® r is a distribution on G in the sense of Schwartz [9] .
As we have seen in §1, 0*. depends only on the class oe of 7r. Hence we may denote it by © w . If T is a distribution on G, the mapping f-^T( u *f) (/ec-(0), is also a distribution which we denote by uT. Let F be a locally summable function on G. Put
Then TV is a distribution on G. We say that T~ F if T= TF. Let 3 be the algebra of all differential operators on G which commute with both left and right translations of G. Then $ is abelian. A distribution T is called 3" nn ite if the space of all distributions of the form zT (sGB) has finite dimension. Moreover T is said to be an eigendistribution of ,3, if this space has dimension ^1. Finally we say that T is i£-finite, if the left and right translates of T by elements of K, span a finite-dimensional space.
Fix an indeterminate t and let / = rank G. Fix co£S(G) and let ©" denote, as before, the character of co. It is easy to see that @ w is an invariant eigendistribution of £. Therefore it follows from Theorem 4 that @ w is a function.
3. The discrete series. We return to the assumptions of §1. Let 7T be an irreducible unitary representation of G on a Hubert space §. We say that ir is of type L P (p^l), if there exist nonzero elements <t>, ^AG § such that f | (*, *(*)*) \*d% < oo.
J Q
In case T is of type L 2 (or, as we sometimes say, square-integrable), there exists a positive number d{ir) such that
G for all <j) iy ^*£ § (* = 1, 2) (see [3] and [5, p. 640] 
*>es2((7)
This is a simple consequence of the Schur orthogonality relations.
4. Characters of the discrete series (real case). Define G as in §2. THEOREM 
Z 2 {G)9^0 if and only if G has a compact Cartan subgroup.
Let us now assume that G has a compact Cartan subgroup B. Then any two such Cartan subgroups are conjugate in G. Let Q be the Lie algebra of G and g c its complexification. Let G c be the simply connected complex-analytic group corresponding to g 0 . For simplicity we assume that G is the real analytic subgroup of G e corresponding tog. Actually it is possible to define ©&* for all b*(EB* in such a way that both Theorem 7 and Lemma 1 hold for all a.
5. Parabolic subgroups. Let G be as in §2. By a parabolic subgroup (psgp) P of G, we mean a closed subgroup of G with the following two properties.
(1) If p is the Lie algebra of P, then p c contains a Borel subalgebra (i.e. a maximal solvable subalgebra) of g c .
(2) P is the normalizer of p in G. By the radical N of P, we mean the maximal normal subgroup of P such that Ad(n) is unipotent for every nÇzN. An abelian subgroup A of G is said to split if, for every aÇzA, Ad (a) can be diagonalized over R. Fix i£ as in §2 and let 0 denote the Cartan involution of G corresponding to K. Put Mi = PP\0(P) and let A be a maximal connected split abelian subgroup lying in the center of Mi. Then A is unique and Mi is the centralizer of A in G. Let X(Mi) denote the group of all continuous homomorphisms of Mi into the multiplicative group R x of real numbers. Put
where | %| 0») = | x(™) I (wGAfi). Then Mi = M4, P = MAN and the corresponding mapping oî MXAXN into P is a diffeomorphism. We call this the Langlands decomposition of P and A the split component of P. Let a be the Lie algebra of A. Then the exponential mapping defines a bijection of a on A and we denote its inverse by log. By the parabolic rank of P we mean the dimension of A and denote it by prkP.
The group M is, in general, neither connected nor semisimple. However it is always reductive. We say that the psgp P is cuspidal if M has a compact Cartan subgroup.
Let ^ be a Cartan subalgebra of $. We denote by §R the set of all points in \) where every root of ($, I)) takes a real value. LEMMA 
A psgp P = MAN is cuspidal if and only if there exists a
Ostable Cartan subalgebra I) of g such that a = ^.
Let P = MAN be a prgp of G. Then G = KP. Hence every element xGGcan be written in the form x = kman (fe£i£, mGM, aÇzA, nÇzN). The element a is uniquely determined and we put Hp(x) ==log a. Let a* be the dual of a and n the Lie algebra of N. Then we define ppGct* by
where (ad 27) « denotes the restriction of ad iT on n. By a root of (P, ^4) (or P) we mean an element a Get* with the following property.
There should exist an element XT^O in n such that [H, X] =a(H)X
for all H G ft. Let ct + be the set of all jfiTGct such that a(H) ^ 0 for every root a of (P, A), We put 4+ = exp ct + . Two psgps Pi, Pi are said to be associated if their split components Ai, A% are conjugate under G (or equivalently under K).
A psgp P is called minimal if it is minimal among all psgps of G. The following three conditions are mutually equivalent.
(1) P = MAN is a minimal psgp.
(2) MQK. (3) prk P = rank G/i£. Any two minimal psgps are conjugate under K.
6. The functions S and cr. Fix a minimal psgp P = MA N of G. Then G = KAN and this is an Iwasawa decomposition of G. Put
where H(x) = Hp(x), p=pp and the Haar measure dk on K is so normalized that the total measure of K is 1. Define a norm on g by setting
Then since G = KAK, there exists a unique function or on G such that
The functions S and a are both independent of the choice of P and they have the following remarkable properties. (1) 
Let q be any linear subspace of g. Then we denote by dc\ the Euclidean measure on q corresponding to the above Euclidean norm on g. It is convenient to normalize the Haar measure dx on G as follows. Let da and dn denote the Haar measures on A and N which corespond to da and dn respectively under the exponential mapping. Then if x -kan (kEK, aEA, nEN),
where dk is the normalized Haar measure of K. This normalization of dx is independent of the choice of the minimal psgp P.
7. The Schwartz space and the cusp forms. Let £> be the algebra of all differential operators on G. Let 3D* and SD r denote the subalgebras consisting of those DE& which commute with the left and right translations of G respectively. Let S) 0 be the subalgebra of 3D generated by 3DjU3D r .
For jf£C°°(G), DE$>o and r^O, put Combining this with Theorem 6 we get the following result. Let Ei denote the projection of 6(G) on 6i(G) corresponding to the above direct sum. Then smoothness means that Ei are continuous endomorphisms of 6(G). Let ^)* denote the closure of 6»(G) in §=Z, 2 (G). Then § is the orthogonal sum of $£>i (l^i^r) and E { f (/G6(G)) is, actually, the orthogonal projection of ƒ in &i.
A distribution T on G is called tempered if it extends to a continuous linear function on Q(G). 
This follows immediately from (4) of §6. We write (®, ƒ) = f conj ®-fdx (ƒ £ e(G)).
Let ƒ be a continuous function on G. We say that ƒ satisfies the weak inequality if there exist numbers c, r^O such that |/(*)| S <ffl(*)(l + *(*))' for all x£G. LEMMA 
!,£/ T be a tempered distribution on G which is both Kfinite and ^-finite. Then T satisfies the weak inequality.
Here we have to observe that a infinite and 3-finite distribution is necessarily an analytic function. 
The projection of 6(G) on °6(G). We now return to the assumptions and notation of §4. Put B' = B(~\G' and
F f (b) = A(b) f f(xbx~l)dx (b G #0 JG for /G 6(G).
öF,(l) « (-l)'c 0 /(l) for allf&e(G).
It is possible to determine CQ explicitly as follows. Let Ï be the Lie algebra of K. We assume, as we may, that ÎDh. Let F be the set of all positive roots of (g, b) and P* the subset of those «GP which can be regarded as roots of (Ï, b). Put 9. The space a(G, r). Fix G and r as in §2 and §7. We denote by Ct(G, r) the space of all functions ƒ G C°°(G)® V satisfying the following three conditions:
(1) ƒ is r-spherical i.e. f(kixk 2 ) =r(^i)/(x)r(fe 2 ) (ki, k 2 ÇzK, xGG).
(2)/is3-nnite. (3) \f\ satisfies the weak inequality. For a psgp P = MAN of G, put dp(m) = | det(,4<Z(w))n|
Let a be a variable element in A. We say that a-->poo if <j(a)~->oo and there exists a number e>0 such that «(log a) ^ea(a) for every root a of (P, 4). Since MA is a reductive group with finitely many connected components and K M -Kr\M is a maximal compact subgroup of MA, the space ®(MA, TM) can be defined without difficulty. Here the analogy with Theorem 11 is obvious .  For any integer q, let & q (G, r) denote the space of all/£Ct(G, r) with the following property. If P is a psgp of G, then fp~0 unless prk P = q. THEOREM 
a 0 (G, T)=°<5(G, T). Fix f 7*0 in Q,(G, r) and choose a psgp P = MAN of G with the following two properties:
(1)/POO0.
(2) P is minimal with respect to condition (1) . Then for any fixed aÇzA, the function m-*f P (ma) (mEM) lies in °e(Af f Tjr).
10. The Eisenstein integral. Fix a cuspidal subgroup P = MA N of G. Given ^(E°C(ikf, TM), we extend it to a function on G as follows:
For *>£<*<.* and ^£°e(If, r^), defi ie
for X<ELG. We call this the Eisenstein integral. For fixed P and ^, it is an analytic function of (v, x) on a c *XG which is holomorphic in v. Fix a*£;A*. Then a*=(a 0 *, v) where a 0 *£i4i* and ^Ga^*. We now define a tempered distribution ©a* = ©<*<>*> » on G as follows: e«*a) = Ms/.>) (/ee(G)).
JK
The Haar measures da and dn are normalized as in §6 by da = ddR and dn = dn. One can show that gf, v Çz&(M) and ® a * is a tempered and invariant eigendistribution of 3 on G. Moreover the definition of ©o* is independent of the choice of P in (9(<1R).
is a finite group which operates in the usual way on a, A and ^4*. Let Q be the set of all positive roots of (Q, a) (under some order) and Qi the subset of those «Go which vanish identically on a R . Put
where H a denotes, as usual, the element in a c dual to a under the Killing form. Let ctr be the Lie algebra of 4j and X the linear function on ctj given by
We define log a 0 * = X, log a* = X+( -l) 1/ V and ©i(a*) ==eö/(a 0 *) =töj(X), fö(a*) = tü(a 0 *:ï') =g(X+ ( -l) 1/2 p). Since ©i 2 is invariant under W(G/A), öi* = €i($"gr (5G^(G/4)) where €1(5) = ±1. Let 4 r *' denote the set of all ao*G4r* such that öj(ao*) 5^0. 
This follows from Lemma 1 ( §4).
Since Ai* is a discrete group, 4* = 4r*Xafl* is a Lie group. By a polynomial function p on -4 *, we mean a function of the form ƒ>(<**) = s (log a*) (a* £ il*), where g is a polynomial function on a c *. Let £>((XR*) denote the algebra of all translation-invariant differential operators on ct/j* and 3D (4*) the algebra of differential operators on A* generated by 3}(a#*) an d the polynomial functions on A*. Let 6(4*) be the space of all functions ƒ G C°° (4*) such that /*/>(/) = sup \Df\ < 00 A* for all DG£>(4*). We topologize 6(4*) by means of the seminorms HD (£>G£>(4*)). Then C c°°( 4*) is dense in 6(4*). By a tempered distribution on 4*, we mean a continuous linear function on 6(4*).
For any/G 6(G), put (see §7)
A(a*) = (O a *,/) (a* G 4*).
Then/A G 6(4*) and ƒ-»/^ is a continuous mapping of 6(G) into 6(4*).
LEMMA 10. Let ƒ G 6(G). rfo»
This is an immediate consequence of Lemma 9. Let 4*(5) denote the set of all points a*£4* where a(a*) =0. Now fix a complete set a* (1 ^i^r) of 0-stable Cartan subalgebras of g, no two of which are conjugate under G. Let Ai denote the corresponding Cartan subgroup. Put}i=?Ai (/G6(G)) and define €ij(s) (sEW(G/Ai)) as above.
THEOREM 18. Suppose we are given, f or each i (l^i^r) f a tempered distribution Ti on Ai* such that:
We think of (fi)iài$r as the Fourier transform of ƒ£ 6(G). 
is of class C 00 on $iXB' and it is analytic in v. In fact it is a rather simple function which, for a fixed bÇzB', is meromorphic on § t -, c . Actually it is possible to determine c Q (P) explicitly. Moreover it is not difficult to show that for any given ao*£-4i', we can choose r in such a way that ^(a 0 *: Vo) 5^0 for some floG VQ-14. The p-adic case. First we recall some standard facts about algebraic groups [l] .
Let 12 be a field. By an 12-group, we mean a (linear) algebraic group defined over 12. Let G be a connected and reductive 12-group. By a parabolic subgroup P of G, we mean an algebraic subgroup which contains a Borel subgroup of G. We say that P is 12-parabolic if it is parabolic and defined over 12. Let N denote the (unipotent) radical of P. Then N is an 12-subgroup and P is the normalizer of N in G. Now assume that 12 is a p-adic field (i.e. a locally compact field with a discrete valuation). Let G denote the set of all 12-rational points of G. Then GCGL(w, 12) for a suitable n^l. GL(^, 12), being an open subset of a vector space over 12 of dimension n 2 , is a locally compact group. Since G is closed in Gh(n y 12), it is also locally compact. Moreover it is easy to verify that it is separable and unimodular.
By a parabolic subgroup P of G, we mean a subgroup of the form P = Gr\P, where P is an 12-parabolic subgroup of G. Then P is uniquely determined by P. Put N = G(^N where N is the radical of P. Let C C (G) denote the space of all continuous complex-valued functions on G with compact support. For any/GC C (G), define
where dn is the Haar measure of the unimodular group N. ƒ is said It seems very likely that F is actually locally summable on G and © w = F. In any case, the analogy with the results of §2 is obvious.
For any aGS, we define its absolute value | a\ in the usual way so that 
